SM Maclaurin Series

Approximating Curves by Polynomials

Why do we care about polynomial approximations?

Polynomials are easy to work with - we can differentiate them, integrate them, and evaluate them using
only basic arithmetic. But many important functions like e*, sinx, and In(1 + x) are not polynomials. If we
could approximate these functions with polynomials, calculations would become much simpler.

Example

Find an approximation to f(x) = V1 + x near x = 0.
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Definition (Agreement to the nth degree). Two functions f and g agree to the nth degree at x = 0 if:

f(0)=g(0), f(0)=g(0), f’(0)=g"(0), ..., f™(0)=g"(0)

The Maclaurin Polynomial Formula

~N
Theorem (Maclaurin Polynomial)
The polynomial of degree n which agrees with f(x) to the nth degree at x = 0 is:
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Example

Find the Maclaurin polynomial of degree 4 for f(x) = (1 +x)3.

Example

Find the Maclaurin polynomial of degree 4 for f(x) = sin(2x).
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From Polynomials to Series

Definition (Maclaurin Series). The Maclaurin series of f(x) is the infinite series:

fx)= ifm'(o)xr = f(0)+ f(0)x + f”(O)x2+ f”’(O)X3 e
r=0 ’

r 2! 3!

[The set of x values for which this series converges to f(x) is called the interval of validity.]

Standard Maclaurin Series

The Exponential Function

Example

Find the Maclaurin series for f(x) = e*.

Trigonometric Functions

Example

Find the Maclaurin series for sinx
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The Natural Logarithm

Example

Find the Maclaurin series for f(x) = In(1 + x).
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Fact (Standard Maclaurin Series) —
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For (1 + x)": valid for all x if n € IN, otherwise for |x| < 1.
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Applications of Maclaurin Series

Numerical Calculations

Example

Find e to 4 decimal places.

Example (WJEC) (a) Show that the first two non-zero terms in the Maclaurin expansion of sin~! x are

given by
1 x°

sin” x=x4+—+---
6

(b) By writing x = %, deduce an approximation to 7 as a rational fraction in its lowest terms.

(c) The equation sin~! x = 1.002x is satisfied by a small positive value of x. Find an approximation to

this value, giving your answer correct to three decimal places.
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Composite Functions

Example

Find the Maclaurin expansion of e?* cos 3x up to the term in x*

Tip

When multiplying series, be systematic! Write out both series, then collect terms of the same degree.

Remember that you only need terms up to the required power.
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Intervals of Validity

Fact — The interval of validity is the set of x values for which the Maclaurin series converges to the
function value. Key points:

e For ¢*, sinx, cos x: valid for all real x
* For In(1 + x): valid for -1 <x <1
e For (1 +x)" with n ¢ IN: valid for |x| < 1

* When composing functions, check that the inner function stays within the validity range

Example

For what values of x is the Maclaurin series for In(1 + 3x?) valid?
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Example (OCR June 2010 Q3)

Given that the first three terms of the Maclaurin series for (1 + sinx)e?* are identical to the first three
terms of the binomial series for (1 + ax)”, find the values of the constants a and n
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